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iUi/llARY 

An attempt has been made in this invest!pation  to find out i? tine 
anomalous adsorotion of helium at low temperatures,   as o -served first 
by .'jchaeffer,  Wraith and "'endell and later by Long and Meyer and also by 
Frederiske and Oorter,  can be explained on the hypothesis that the 
surface of adsorption nerturbs the electron •'.vnve  functions of the adsorbed 
atoms so as to give rise to increased van der  Vaal attraction between thenio 
.Ve find an increase in attraction for hydrogen atoms but fcr helium atoms 
no appreciable increase in attraction is found out.     The investigation 
leads us to believe that the excess adsorption in ease of helium may be due 
to some other  cause and the possibility of diffusion of the  helium atoms 
into the solid through the adsorbing surface is eointed onto 

i 



On  Anomalous Monoliyer Adsorption   

The early work on the adsorption of helium on solids was performed at quite 
! 

low pressures ( <1 m Hg),  and consequently at saturations well below 1%0    The 

1 2 
preliminary v;ork of Keesom and Schmidt    was  followed by that of Keesom and Schweers  c 

The data showed that even at these low saturations a considerable adsorotion occurs,, 

rhe adsorption of a rare  gas such as helium shouldj  at low saturations,  be  the 

case nearest to the  conditions assumed in  the  derivation of the  Longmuir    isotherm; 

however  the data could  not be fitted to the  Langmuir equation,.     From later vrerk,  to 

be  discussed below,  it was  found tnat the volume of helium adsorbed is quite 

anomalous;  also,  the data of ochweers  show that the heat of adsorption decreases from 

almost 100 cal/mole  at about 10$ coverage  to about ij.0 cal/mole when approaching 

completion of a nonolaverc     £ince  the  Langmuir equation assumes no interaction between 

adsorbed parti cles  \>heat of adsorption independent of coverage)  obviously the isotherci 

cannot be applied to the case  of helium* 
i 

Later work was devoted  to multilayer adsorption.     fre;de;riske and Gorter 

c 
measured isotherms on Jeweller's rouge  (Fe90„)  and on steel   from 1„39 K to 2„26 K: 

Lchaeffer,   omith and    endell    measured isotherms on two different carbon adsorbents 

at the  b„po    Long and Meyer    investigated adsorption on ?&Jd^ at 1.53  K to 2Ji% K; 

7 , o 3 
Mastrangelo and Asto:.i reported isotherms on TiO~ at 2<,hl Kj and Strauss has 

o 
measured a series of eipht isotherms on YeJd    at temperatures ranginp from 1059 K to 

-) 

h.21°K«. 
• 

ochaeffer,  -jmith and   'endell were the  first to derive the volume adsorbed in the 

first layer0     They determined the  surface areas of their carbon adsorbents from 

adsorption isotherms of nitrogen,   for which the adsorbed volume is well known,,    Using 

this as a comparison,  they found that volume adsorbed for helium at the b.pc  is far 

greater than that calculated from the surface area of the adsorbents and the cross- 

section of helium atom, as derived from the density of liquid helium,,    In almost all 
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other cases, these two values differ for spherical s;.olecu!es by only a few percent^ 

The subsequent dt-ta of  Frederiske ~nd Gorter (1950) and Long and Meyer (19U9) 

for adsorption on Fe.CL confirmed these results,,  Ihe density of adsorbed helium 

in the first monolayer is much higher than that of liquid at the sane temperature* 

At temperatures below 2°K, values up to four times the liquid density were observed? 

in the liquid helium the spacing of helium atoms is approximately IAAPU,, whereas in 

the first adsorbed layer it is reduced to values as low as 2,0A<,Uo corresponding roughly 

to pas kinetic diameter of 2„1A0U0 

Long and ?»'eyer (19/4-9) also showed that such data cannot oe fitted with the 

3ok»T0° theory of multilayer adsorption. The B.ft»T, theory assumes that the site 

of an atom adsorbed in the first layer it. a potential site for atoms in the higher 

Layers., If, however* the first layer is of much higher density than the liquid,. 

and therefore than thnt of higher layers (which must ranidly approach liquid density, 

provided the attractive forces are van der Waal in origin) then it contains more atoms 

per unit area than the next higher layer can accommodate^ Band  shoved, however^ 

that even in this case it is justified to U3e the formalism of il.K.T, theoryc He 

included a correction for the anomalous packing in the first layer and found the 

resulting isotherm agreeing fairly well with the observed isotherms for helium at 

low temperatureSo  It is pointed out in the above work that one can calculate the 

number filling the first layer from spacing in the liquid phase only if no anomalous 

packing occurs and also that the monolayer isotherm is altered not only by anomalous 

packing, but also by the fact that the energy of adsorption becomes a function of 

coverage even below one layer,, The modified isotherms are deduced from a class of 

functions assumed for the dependence of monolayer adsorption energy on fractional 

coverageo 

Several qualitative arguments have been advanced for the anomalous packing 

in the first layer,, Long and Meyer have suggested that in the adsorbed film, inter- 

actions with the wall, much stronger than the van der "'aal's forces of helium - 

4 
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helium intf r-actii-r..,  ovnrc'.ctn tH« J ep;;. -ii <$   x v\/J.ov: of fcha s.ero--point, energy y v?h±ch 

causes the liquid phase to tm rJ'ea-ily bIcvm- up. vitb the result that the .first 

layer is compressed to about r&s kinetic diamater i.e.   the diameter of the electronic 

shell of the helium atom0    An s, consequence on filling vp the first layer,, the 

repulsive action of zero-point energy must counteract nore and more the attractive 

forces of the wall,  and thus the effective heat of adsorption should drop strongly 

as first layer becomes occupied.    This argument is borne out by the data of Schweers 

previously mentioned.    Kviaently, in the ca^e o£ helium, the vero-point energy 

provides an energy of interaction of thn sas-r-e order of iragnitude as the bwsi of 

adsorption itself,,    On the completion of the first layfir the forces of the wall are 

bo a great extent balanced by the zero point energy's and the heat of adsor-.'pfcion is 

th«n only slidit'i^- higher Una the heat of vaporisation of bulk liquid* 

The experiments as inoicatsd abu«.- have shown that heliuu It corar.ressed in the 

first layer to -..he pu? kinetic dlsmeter whifjh is Irw.er than the V3u der "tfaal  minimum 

for helium ~ helium interaction,..    Kar^enau " has c?J.cula-,ied iho irinimum distance 

for two helium atoms taking dipole - dipcle., dipcle •- quadrupole and quad.rupole - 

quadrupole interactions into accvnur.t and obtains a value 2<>M which is less than the 
o 12 

value 2„j?6A0Uo  obtained by   slater and  vlrkwood" 0     The mutual interaction energy cva-ve 

obtained by i-argenau (loc.citv)  snows" that there is a huge amount cf repulsion even 
o 

if ive try to bring the helium atoms to a distance of about M0t;.A„U0     io th.rt if the 
o 

frtoms are packed in the first layer vdth a spaeirg of about 2A.U„ then these repulsiT-ie 

forces have to be overcome oy sores forces due to adsorbing solid surface^,    foa attempt 

has been made in this investigation to recalculate  the helium - helium van der Vj'aal 

interaction after the wave functions of the electrons of helium atoms have been 

perturbed by the interaction os the eo'';^ '-v.rfacc.    T'ne effect of the surface has been 

takes into -icoounb by posti'lating an electrical  field    F    acting on the adsorbed 

atoms and under the effect of this field we find the perturbed eigenfunction of the 

sgggpgg 
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electrons of  the atom in the  ground abate.     fiien usin£ these perturbed wave  functions 

we calculate the changed interaction energy between the adsorbed atoms arranged on 

the  surface as polarized dipoles with their polarity in the opposite directionsP 

First tlie case of adsorbed monatoinic hydrogen is worked out because the problem is 

simnler and gives an insipht into the method,,    t3ince the range of valence forces is 

much smaller than van der 'Aaal forces we can safely treat the hydrogen atoms at a 

distance corresponding to van der Waal forces to be quite far removed from the formation 

of any nolecu\es0 

For a hydrojren atom the unnerturned  ground state  (n • l)  is        "\fK. 0 = 

where     ac     is  fir*t Rohr radius of hydrogen atom and the next higher state   (n • 2) 

has four eigenfunctoons 

r \ 
^,, 

V2h 
*   ^'irr(^     (A Oi e e 

2_ 

\ 

I 

^ ,Tff \r> r 
V, i \^/r 

^> 0 

r 
2 c 

X "2-1 r 
r; 

/3I-     £    fO**v   (jl> 

(1) 

/ 

The state n • 2 is thus four fold degenerate0    If we consider the adsorbing 

surface as  (x,y) plane,   then    F    acts in the  ^.-direction and So   the potential energy 

of the electron in this electric field is     l_ = - re 2- - —FercgsB «    This perturbing 

field splits the  four fold degenerate state n » 2 into two single states 8nd one 

doubly degenerate state,,    If the effect of states n « 3 and higher is neglected one 

obtains, using the formalism of the oerturbation theory for the degenerate case, the 

perturbed wave function for the ground state 
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We call an atona whose perturbed wave function is gtwn by (?) as atom •»*• 

Another atom which is adsorbed with opposite coLarity we call atom "b" and this 

perturbed wave function for the ground state 

- rfie. '5 L_   I   — 
«v     :»_   - 3F<*« | 

a*j 

) 

3£ 

(3) 

where we bane changed the sigjn of   F   .and also it is understood that the wave 

function    -X. f"u^f'   _ -^:'*? |    corresponds now to energy Ea" -+    3F«« 

and I*' 

reverse for the atom "a* 

„{*( 1 to the energy state Ej_ - I Fe» while it was the 

The energy of interaction between two hydrogen atoms is composed of several 

nultipole terms     with oonopole tern being aero*,    .ie take the first appreciable 

rjtsrm only which Is called the dipole tern given by 

=    —;   (   »#*x  + %* 'h'*^'-*} (h) 

where    6.     is the electronic charge, R the Inter nuclear distance of the two atoms 

while (x_ , y , s, ) and (x^ y^, Sj_) are t3*» coordinates of two electrons,, or if we 

use spherical polar coordinates ( Tf 6, $   ) with s-axis on the surface and along the 

line joining two a toad, c nuclei, we have 

-i- r 

b) 
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In the evaluation of cntaal Interaction enej-gy ftbe first «*i- tem 

hf^lfl -|wW i-fr, «*X / f   %      ,' Is aero and hence the main, contribution 

cooes IYM the second order tern 

I  N 
R tl 

I 
K36S© 

E.     "- 
2- 

[ a L -   ~ 
*-* H    « r*s« #*-# rfr, 

[V* Y1** ^7i""' 
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""e shall keep In ndbari HKI In fc&e etfa&'SAtig® of aliwra integrals «e shall 

change cos 8 occiirrltag Inv tora-S In order to take acccatt of the chanse in z-axis 

direction*.    The numerator of {?} reduces to 

>* 
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': 
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and ttsese OB evaluation vfaljft 
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4^ In order to find a numerical estinate of the above expression we need the value 

of    F   which we derive from the data of adsorption of hydrogen on glass as found out 
* 

by Keesom and Schv^ers  (loc cit)0    They found that adsorption energy for hydrogen 

on glass is about 1000 cal/mole which we equate to l/2*xN F    where N is the Avogadro 

9      3 

number and o^ is the polariaability of the hydrogen atom which has a value ~ an   „ 

This gives 

F   - 
7        , /o 

a y Sao x"   4-1? X »•        V-IS x/r 

{-<?   x    /V -£77* To >6x /*> 

i 

or 

|o -51   x  lo    (« • ?• u) 

• 
F 3 • 5'.   x I o    -e •   S . ii 

do) 
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and using tiiis value of    F    in (9) we get tne numerator of (?)  as 

&* -JL   \tsX 4e' /, z 

ft6!. 

K ̂ • U   + 

(      I   >   4 £> C f ) 

R6 

. 4ofc i 

'^a^JAC + -/a-*. ««£ J 

(ID 

From equations (2) and (3) we also notice that the denominator of (7) is almost 

2 
equal to one as the first order terms in F integrate cut to zero and F part is very 

smallo Thus we obtain 

w Cr.e^at   (,+ "WO 
R 

• Vr ^cj (12) 

9 

Showing an increase in the attraction between absorbed stoms of some k0%* 

Ae now return to our main problem of finding if the helium atoms, adsorbed 

on the plane surface according to this nodelj will have enough increased mutual 

interaction so as to explain the closer packing as evidenced by experimental results, 

Since the wave function of a helium atom in the ground st te is not known in the 

closed form we shall use the most promising one obtained by variational method and 

used by ilasselxA* to find out the most accurate value of the polarizability of the 

helium atom in an electrical field* The unperturbed wave function for the ground 

state is 

V. e '( n- c -r,a (13) 
\ 

SaatwsaWS** i.w-s*-!******^ iffla3fBK'!"»J. <*u*£ .&• »a* 
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wbere    r   and    r   are the distances of two electrons from the center of the 

nucleus and r    is the interelectronic distance.    The distances   T.   ,   Y.   and  >J\ 

are expressed in dimensionless ilartree units where the unit of distance is the 

first Bohr radius (     au = . s~3 g *io <•*»-•);      N   and    C    are constants having the 

values 

C » .361; 

N * 1.8U9 

The perturbed wave-furction is 

Y, -   i*°'o*c f,a |(lt4,v /la^ *8,*;*( + 3arAxa )     (lU) 

where   ""(  and   :*;, are the x-coordinates of the two electrons expressed in Ilartree 

units and A^, B^,    Ag, 3g    are dimensionless constants having the values 

ATL    -    A?    -    O^oWi    F 

h Br 0.38U5    F 

F   here is dimensionless force expressed in Ilartree units.    The coordinates of the 

electrons of adsorbed atoms referred to a rectangular system of axes with adsorbing 

surface as y~z plane, the line joining the nuclei of two atoms as z-axis and with 

}4vaxis perpendicular to the surface0 

Since A]_, B^,    A2, B2   are nearly equal, we write the perturbed wave function a! 

- u(r, +-ra1 
^  r   e     ( in. c-n^fi + A (a, +TfA + i;*( -tni%A) (15) 

where we put A - 0.38U5 F. For another helium atom adsorbed on the surface with the 

electrical force acting in the opposite direction, the wave function would be 

• (|+cV| -/t('jt1v + K*i + 
_ 1 I (16) 

v 
SiijsOiifti,... •a^at^TCs.** 
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where we have called the electrons associated with atom 2 as electrons 3 and U» 

Using these we shall calculate the intnraction energy between two adsorbed atoms 

keeping in mind that we hssre neglected any overlap forces due to quantum mechanical 

exciiange<>    The first term in the classical coulomb potential energy between two 

neutral helium atoms with their nuclear distance    R    apart and with electron 

coordinates as (x, , yf , z, ),   (xa, y^, a5),  (x^, y3 , z3 ) and (x+i y^ , z^) is 

z r 

a 
This, when expressed in Hartree units ( t/r,a)f ±s  given by 

Y = /?- 

v I 

nc ihe interaction energies of the first and second order are 

[Iff -v^v ^j^!!5!^ j^ 
(19) 

AE, (20) 
.« 

tfe shall now evaluate the integrals appearing in the above expressions for the 

interaction energy0    ftach integral breaks up into several elementary integrals 

whose values are given in the Appendixes at the end0    Using those we get the inter- 

action energy in Hartree units, 

% 3k 
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R3/ -247/   •+   '3^ (Fl+'I2I(>F   ) 

(•g?ftt w"- *="'-«• a- HHfll/      (21) 

Rfc(«267J -t '3£o£ F rt„+^,-e»*-«f*J 

,15 

where E.     + E        is the total energy of the two electrons of an atom in Hartree 

units when both electrons are in the ground state,  and E/x + E aiis the total 

energy of the two electrons when both are in the first excited stateo    These values'1 

after correction for the Coulomb repulsion, are in Hartree units numerically equal 

to 

E„    + Eai   »    2,75 

a;rf E|a  + Ea:L-      c70 

giving 

Thus 

EM       *    B*   ~    E.* 

4->ag f 

2.05 

& E,   + AE 

R6(-^ b7'  + -3 6o6/=V /2l*  F^j 4 U2' o S* 

(22) 

3P 

where first term is a dipole - dipole interaction energy and second is van der Waal 

torau    If there is no field i.e.  atoms are free, we have F » 0 and in this case 

interaction energy is 

—  Hartree units 
(23) 2 4 7/ y 2-o JT 

6iT-8 xi* l-L 

CR 'A. 

where we have replaced 
R-   byR/- >R being in 
cms. 
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Thi;; value apreos fairly well with Slater's value ergs. 

To evaluate the complete value of interaction energy we need an estimate of 

the value of F from the energy of adsorption for helium gas0 This has been 

measured experimentally and has a maximum value of about 100 cal/mole at zero coverape. 

If we use this vre have field intensity in ordinary unit;; ,dven by -g  o< £ f^l     *«•»*« 

~r aL E% hJ   -       too   K   tf)2  * lo1 

or 

2o6 x |.r^ / 6' »3' "> 

or 

=. a • 7 a a x'o —*-• 
e- si'. cLe., Y> 

Expressed in Hartree units this is 

F 

2.7^ x,ob x (.sr*s/ ^»" 

A-- ?o x I c- 
-lo 

(2U) 

and therefore 

^ £, -r A £. 

-   o / 5~ 8 

i^V-zt7i R a»i'MO/ 

r o oo^1/ 3 /• S'u'7 

R R« 

• 

r 

(25) 
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Next we have evaluated the first order interaction A E, in Appendix D using 

symnetrized wave functions^ In this case A E is obtained to be 

which is a repulsive term because of overlap integrals which enter such a calculation. 

This value merely showB that dipole - dipole interaction is repulsive and so 

attraction will still be due to van der Waal force0 The numerical value of A Is, 

is very unrealistic because of the neglect of large number of terms in the expansion 

* *•» T* lor Y • 

The whole analysis definitely leads us to the conclusion that in the case of 

adsorption of helium on solid surfaces, the close packing cannot be duo to the 

influence of the surface of adsorption in the sense that it increases the srutual 

attraction between the neighboring adsorbed atoms. Even if we extend this analysis 

to larger masher of neighbors, the situation would not be essentially altered because 

the value obtained for interaction energy will have to be divided by the number of 

neighbors to give the mutual interaction energy between the atom under consideration 

and one of its neighbors,, 

In conclusion we are lead to believe thnt if the anomalous adsorption is a 

genuine phenomenon, the extra number of helium atoms probably diffuse through the 

adsorbing surface into the solid and do not remain confined to the surface* 

K 
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AP'T'fDIX A 

The integral "U/      0/      ri y,    ^   '2    '* '7j   ''    Ttf £s   equal  to 

"2. 

+ \la        f^^ 

--in (i% -*rv ) 
€ t '-ac^^cS^j 

-A* fit r,) 
( it ac^t c*i£] !+^(^+^H^t^J+M 

2- /      0- 

J 
X, -+ * I    '      2. 

+   -*T*X* + ^a* +  3*,*2 +   2.1'** +   2TZ^+ 3^*.*: 

4 3 r2 5(( x«   •+•   5 T>7T"I *I *S    ^ T, HTi x 
-5 ne>;j-* ?v 

-V4-), 

[ I -A/I (x3 + ** t )-3x34 ri,5f^  -*•  Al( *3
2 •+ *J + )fx3

z-f >;>* 

Each one of the above integrals breaks up into forty five internals. Tlie 

values of the integrals in the first set are the same as in the second set except 

for the fact that where +A occurs in the first set we liave -A in the second- The 

integrals and their values are given below. 
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Tlie above integrals show that all the terras where A occurs are zero and so 

the tvro integrals 

d%   +% 1      'a 

and 

KV^ + ^ + H    a%^T¥ 

have the same value.     Thus we liave 
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^x? + r*x* ->•  3 x, *a  -+• «5v; -if -t3f, x* •+ 27; x, 'a 'l2 

(«i- acr^+cS^j 
2.  /     7_        •" 

'3  '«• 'V 0/ 1 

3J     IK (irK'^-K^j      1,3/1^^^^,+^^ 

+  /^Z(    ^ +    3 
1. 

2 

f/ 
2. % 

-t 

- 5 ^(^ 4 ')r4) r ,      -    - 

fc      (i + ac y^ •+ cViy) M + a A (*, + ^ -f 77 *, + K*^) •+ A (x, + **. 

I 
^ 

' 
s- 

WiWhJ •aE?*w .J"'***..- ** 



/ 

j j 

. in (Tj h T<+ ) 

I. V. 
/-f  ae^-^cSjJy [l-AAft^ 

t ^j rk i 3 ** ) J >3 <=< T3 «< r+ 

-A 
/J 

a-'«^>>S) 

// 
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j 

"T"       3 more terms of the same type,, 

It can be seen clearly that in tiie above integrals the non-zero parts belong 

to the  first one<> 

Thus 

II 

( ., ' 
2./ i 
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and out of all the forty five integrals into which each of the above brpaks0    The 

ion-zero ones are listed below0 

The non~7.ero parts of the integral 

4. - 3 n ( 71 + r2 ) >/.;j-. ~o. 
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rtliile  the non-'/ero narts of the  second integral 

( 

are 

(I)      -34 
'3   e- ^ ^ O. c .<. <-3,-/r 

(«i   -aMl SlN*"'"^^ o • o o 7 5" F 

(3)       -^/k 
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^ ~ '<f 

The value of the integral 

• 

y- vti «•*»; ^ *' 73rl T* 

is obtained  frora tlie above to be equal to 

R3 

P
2

- ^-ax«4iaa 
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(li( JVM/  ^ AT *K + V"  V>'     (AT,    «*  i      "*  '3     v  :if 
The integral       I'M   Y,     Y

     
T
* -" » A The into oral       [Hi   S'l 

* 111) 
which enters in the second order interaction energy, is evaluated here. We have 
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It is easy to notico th.-it each integral of the first three terns of the first 

set has same value on account of symmetry,,    The roraining ones are zero,,    Thus, we 

list below the non-zero integrals into which the first integrals of the first thrst: 

terms of thp first set break<,    They are 

(A)     ( R6 
2. 

(2)  A. I **7e       ^,^% 

-2*01 + ^ 

R< 

Kv 
R< 

x. .•«.«* e       ^T.^'TJ 

RV 

1R  •" 

II2 A" 

7 .,      1.        i-lU^tlt) 

^ r\ 

"o2   To 

Dfe   it 
K n. 

£3 7jV 

. 075a. 

«o r 7 6 P* 

1?6 

« ob 61 F 

R' 

71  a< 

mat——mac 

'•ja.^ 



-70- 

3 

(7) 

U) 

w 

R* 

2. Ac   I 

f . .-V*(*i+Tl) 
•2- x 

^Y,  ^T*    - •       'z 

R< 

t   -a-n(T,trxj 

/.   - 2.TX(r,-f>i) 

EJLJt 

191 TTc 

•ooSJi'F1 

R& 

• o^fo 

Yjx ?(,    £ *T, *\ - RV 2L«Tfe 

tf< 

• oftil F 

2.    / 
( |«J       «- A*c 

(in 

R« 

*/fi: " 

HT.HT^ 

2.     ^    -2-^(>"i + >1> 
^ -v; V e        rfnr,^ 

R^(      art 

.. « c x> _ 

• » oo if-j F 

° *ssF 
RV ZSt, R< 

• 

(fc» *jfc    " 

R- 

rrVc   ^37£ 

* ) 

ollt F 

r-   .- Q217 F 

{**) 
i    (I 

iA£ 2^  fc-inir,^)    . TTVC    iviir 

<«"  IF 
2      2.      -2n(^.+3>-1 

R * 

TiV1-    51 

R(, 

. o|S1F 

R6 

.©£?<*• 

Rc 

OO^9LP 

(l7j     i 
«. ».   // 

X. 3^    Tf^C rl^  ^-T2-       ot«H /a 

i AV- (       x   %   L -an(J?ttLl       , r*c    M«J2  *     
R4 

»v.l 

• oolgP 

R.fc 

. o**-?? F' 

X Ri- 
ll ^^^?%n<*+• 

^x>;<<^ 
7TVcx  <4A* > ooS7F~ 

•*f*- '*•• 



(2oj *AV// 
-8 c- 

-2.   * 
rfT,^ -X 

<    '3 A KV 

{*) 
R* Ti ">a *< ai €       *»«T, «*%. /<?o       s 

R6 

CB) (U 
R< 

2.   -«ufr,*yz) 
7l   e e* T,   ^T^ 

• Q 73.A 

1     i    — *•* (1%+T*.\ . et>i+~J F 

ft-V 

<?'   ^6 R< 
JT**1 

*,3, *-   %'   ~<*r,«rx   =     , ,„ 

R6 
2.  o   a -2nfT-f+rij 

RV 

TT^2- 
/^l   - 

063)  F 

• o ina F 

(?)      A 
Rfc 

/ 

.i ,a    *.  -^(iT-til) n^7, e A^A^ -- -rrra
x7 

*AW/ 
N 06 

r« ** ?; e 

R'n' 

R< 

p^f F 

R6 

.OI77F1 

2.-3.   „        * ^qr   <-(%     =          * 1 *" *      RV     * 

(7)    2i 
R> 

i /' 

'I "    "*• R^1' R6 

2.C 

R4 

r/ 
-  If   *iff- 

R7" 

W ^i( 
Rfe 

I 

Mo) .A f 

^Tx *j y,   e z^ *<T  or HAl x ±Bi 
1       R*n».     abfe 

!    4     /^V    a« 

'Qo7oF 

R6 



On 

Mai 

(iBi 

•1*1 _    Tl Ac      ZMitr        'OiinF' 
<J3 2SI 

2A\    " 

*/fc I 

R'v. 

^fen/3        /as- 
QIUF 

04) 
R< 

/ 

,     ,   ~Zr\(r,+Tz) 

V*>    -£r St      »«. .i j-*M»T+n.i 
RT     v 3 ^  ^T, 

(16) _  -lfT -V *•  M  ""     O 

R^ ^2   *l   #,     & rlT, ^ 

TTVc x-!21i£ 
RV1 ir/a. 

Rfcn'u '1 
TTVc* xs      = 
R^,a 

t o/aq /r 

oSLiif. 

R< 

oo3l F' 

Qv .v    * M* -^»(r;-h)l) 7/Vc 
Tx  **   7/   e *"* ^Tx     •   TCTx Rb?V 

-. x 's- - 
• oviep' 

(i*)   Ax^ ' 
R* 

(HI     * 

x- «.   -,    ,    -2n(rif"*l) if fa*- t hri s •*IS1F 
R< 

RfeW*         * ft* 

[l.o) 2.AV- 
R^ 

// 

R6 n»* A 

ol'+h-F3' 

R* 

t*> 

(?.) a AV- TTVC*- 

U>        _L I 
R^ 

// 

• o7&a- 

R* 



(*)    At 
R< 

/ -10 G- 

11 
1   ~ i I *rz 

2R*n'° 

(3/ £ 

• Coityp'>- 

R*> 

>*o3l fx 

J?V' Rc 

(4/    -4// ^xS'^^SL^    =   T£# ,«, -   ^ttF"- * M7 **r * (?*//        '    '"-«    ~ ^.^       ~     ^Vl   Xa'     =       " 
O 

T7*AZ   . ;s"  . oo^f1 

R6 *«*• R 

K   A 

g /77 F' 

Rfe 

(7;    ^ 
,ini 

Ti *?* ein(,'TH^ ^ =  iDL" »r •" ?i"P 

*"" ^ -    R V< R 

(I 

R1 

i  -*n(r,*rii 
77, 2{   e Hr Ht =   —-— x —    ~ _A 

PS 
7^ _ 1£1        ,o^^° 

3a. R' 

W) 2^C 

2. Ac 

2  z -2-nir,ttii ^*v 

IT*" 

I 

V") 

R 

2. Ac 

i^;in(^i   _      TTVC   ,i2Zi"    -   •.5L£±I£.X 
-V "V* *• -* *"     s\    "»    »  * " I   •    • •» 

1      *       ft6*1'       2irt /? 

/ 

^r, **n i       a. 
R4„,3 /».« 

-v-  -r ^2i:^<ir'+)t) 37rVc     ^3^-       '^iF; 
MQ  *I  *l   «l   £ <-(T   £^ s   •- •    ..--x —;    s.       ;  

<*l   ^[ -X A*. 



9 

-no- 1 
/ / 

(IS) 

W 

(17; 

(19? 

I 

R< 

A1*1 

_-5-       2.     ~2«()l+^i 7rV-   A2i     _ 
RV°      a 

. oS^ F 

R6 

R6 

R<> 

(/ 

(»• 

R' 

AV 
R' 

/ 

2. Aca 

1^-lf *•  Z,   e HT, ^Tx    " 

——     a 

77 Wx *fcr 
R6rv"< 

R    71 

.olZlF 

oa<»'7 F 

. o li+ 4- F' 

Adding up each set (A),  (D) and (c) we have tiie value of the fir3t set of 
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Now we find out the value of Uie non-zero part of the second set of 6 integrals, 
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9 one of whose representative is 
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The sum of these integrals has a value  *1378 F^  and so the value of the 

second set of integrals is 
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AnpT'NDIX D 

^^ ^irst Order Interacts on with •iyitcnetrlzed   .»vc ?unctions 

If we take into account the overlapping -.'f electron wave functions of the 

two atoms we can v/rite the total wavr function of tho system in any of tlie four 

ways 

'e have excluded in the above wave functions like    '^ ( V, 5)    "vK ( ^, tt) **& 

"Y,(*•/*»• I /Va(!'3)   because of the operation of Pauli principle.    The electrons 1 and 3 

^\       have spin in one direction and electrons 2 and U in opposite.    So we do not exchange 
i 

1 and U or 2 and 3.    ,Je thus have a combination of four allowed wave functions which 

are antisymmetric in the electron coor '1 n? tes 1 and 3, and also in ? and U 

f'akinc use of this we can write the first order interaction energy as 

AP      -     JL-J- • 1 | V Vr 
and 

• 

I 

V- -g3[(«i*a*7iyj-a*i«J +(*.**+*?*-a*»v) +(v>*W"*,**J 

Now the denominator in the expression for £* E^ is the integral   -\f> ^/f 



a 

1 

'Y, ('>*-; Y^ 

-+a 

- a WM^WNf^J*^^ "r 

and In this the first four terms have the same value and all the nepative terras have 

the same value;, The positive integrals having exchange terms are negligible because 

the terms such as "iff (i;Z) Va^'V 'YjP'W VS^/V •*• verv small due to the 

fact that it is highly improbable that electrons 1,2 or 3»U will be associated with 

both the atoms at the same time0    Ihus we can write 

f      t - 

where typical IT and I2 are 

rx -   piC/^ YA(3/Vj Tjc'jfj T^(S3; <<T 

In the similar manner we can write the integral Y^T as 



*J*> 

9 
JL ff 

R3 

-3D- 

which can alPQ be written, after neglecting the parts mentioned on the last page, as 

J_f^L}   _£M, where a typical 
IC3 L        ' J 

*(afa."v+>«.74.-^2*^J V^''V   ^(3/Vj   ^ 

and a typical    H„    is 

Ha    - 

Hence 
At.   =.    ~* • 

' R3    I, - a I. •I   -   --a. 

.Ve have already evaluated the values of the inteprals 1^ and K-t which are 

<^>t> 

H. P x • 4<ag 

• • * -.. -•.,. 



Us- 
O    V ve proceed to evaluate the integrals I0 and H0 w!ii 

9 

I» = 
/ 

-; Xg and !U widen £.3 VTO see arc exchange integrals0 

"W'>2; y^^vj ^cw -r2(^ij^ T 

'III 
-7\ ("»'//>"*. I 

^-(T3   ^ 

r// 

/j 

£3 

11 - A{^ +KS + ->ix2 +r^\ I <*% ^r, <*% ^7; 

+ (*,+*i4 r,*, •+£*^( *, + **• 77*,-M-^I 

~~( *i +-*i-t 17 *, + *!*».) (zx+*j-r1Lxx+i; *3J 

>t -" 



+ (^^^Vjt^xvj(^t^^^,t 7£AJ (ra+arj *-£*,, >r^y 

"^ r^ + ^J)? ]  «T, «TI ~<ij ^ 

? 

.Ve now write down the non-zero integrals occurring in Ig and get 

I.     - •. 

-f  A 
//// 

) 

-+ ^(r,^   + ^   + Va.^3 + %^ *   *^3+ Wj) 

-*• c4 ^r3^rz ? I ^ ^TJ *»TJ ^ 

• 

-f A 

-* 



-6D- 

In the above expression for I- we notice tii± the term w';;ose coefficient is A 

does not contribute anything because of the four parts which it has two are positive 

and the other two negative and each of them lias the same numerical value<>    Thus I2 

reduces to simole form 

I* - 

+ r,HTlkr^  .c* ^^^^23    ^r, ^Ta *^ c<7^ 

A 

Hi 
[ 1 -f (r^r3j +17^ v3^      [ / H. c(-r/x +Y*+r**r„J 

"+  C" ( T7». "^St •*" *~/x */*  +  ^ ^3   + TS4 *"»* + TJ¥ \j   -*• ^7* ^3 J 

,-V ,- -+C( r,Lrilfrltf  •*• > 7a rjV ^J    + ^ *""> ***   f *** ^ '* l ) 

•+C   r^-r^r^l £3]   ^T^T,  rLr3    c^ 

and since we know that A   will be very small and so we neglect this term, finally 

having 

I, -- 
/// 

(II 
4c 

^'»/ 

-f. 2. - 
J//' ̂

%£ 

-••**4.--. 
£££K* 



-7D- 

(III 
-t-  Lc2l    \   r  y     ,-     -2*(ri + 1i+1i+A) 

,«"* 
' i// 

1 

-+ c 2x(rrf-ri+Tj f fif) 
Vx'iv'Tv^j   2 r( rt^ra H r3 w r^ 

because the integrals prouped together have each the same valueo The values of 

those inteprals are listed in the followinp table© The last one in G^ is apain 

neglected due to its being very small and tedious to evaluate.. 

No, 

1, I 
11 \x 

Values 

o £07 

kC IT 1       3S7T 
_ x -7 

isnl i^s-f 
Vn 13 

«./35Jftl'l/.c*n'*ir!5fL   , •03i + -»^a 
a-   +• **c 

6 A' 
.if     ms 

4 c3, Ji Ml-88?^ 
•v\'5> 

*.    - o aao 

TV 

So the integral    I2 - .237? 

Now we Tirocecd to calculate H„ 

€ 

i 
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ffff, 
IP 

"YICJ^ y^i^/'f) 'vi (•>v 'VJJM^ does n;t °°ntainy's and 7,ts 
be cause 

and so integration over these will jrive zero. 

// 

So K~- 

€> 

€ 

// 

-+ c "( ^^ •»• *IJL*7* • *7x r23 + % ^ +  T3U TX3 

•+ C' (   ^ >'3V ^  +    T<^ A j    4     ^ ** ^     + ^ ^ r23  ) * C  ^VfSf 

•+ "?x*»* •+ 
7l|3fa ""•*    '2. *()"*' 

~-~x ->-^33 -f Tr-*,**.-^*! V7"*,*, 

t -rsV -tVi**^) '2   *1 

- (*3*, 1- v» -+ *r *<*3 •+ t**3**+ *»** + ** + **'**• 

+ 1y*X*$   *    Tj*^"   •*"   ^1*3 *i?!3   "*"  ^   "j"-*" ^*i*4f v^^ •* 

1 

-rr"*~ 
< VW 



1 
_0 *;D= 

« 

D 

r/ 
J .    i / ^r, «*Ti ^ ^ 

c». -^ci+'^v1^) 

•+ A 
(T, +%.^%  «*T4 

In the above we have excluded terms having A and Ar  as they become zero. In 

addition to those the parts of A and Au terms will integrate to zero0 If we a^ain 

leave out A,   term as very small we get 

H, - - U A 
-in (r> + 1+^r'4) 

2/ 

-»" c  ^a ^ ?7V *i5 I ^r, ^TX <-< r2 ^rv 

; 



.I'll. 

Hi 

-A .5L->   / 
zyy{r, + fL+Titril.) 

t- c11 i^^^r^ «* T,   ^ Ta   <?< %   A Tu 

-A 

C    r»i^ ^Tfcf^ <=A T,   '( fz   *< 7„.   H r, f 

-+• c 
-J     3     S- 

-2. ..     -a    v-      i _~z -     ' -«• .vhere we have replaced       *^"        and     -j2     by     4r -i]       and     •J'fj     respectively 

and all integrals in Ho have the same value  on account of syzt .etjry0    Thus 

Ha -  - SLA 
>a 

•f c\l7xT3V + *o7* f- ru7j3+ V^^i + ^3) 

3 ~x '4 

' V 
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and we liave the following integrals whose evaluated values are listed along with the 

integrals. 

('> 

I'M 

( 

1/ 

77  ^    & -l-K^Ta-J^V6     ft7ll7 

o 4- &-> 

o6 2£ 

O) 

(*) 

2«rir    -    • o gv« i> <? 

'3 

•9     (s» 
a   x ~2.v\(Y-,-*.^i+yj-f^i 

^i  *   r3 e «n; ^T^r3^rv ^4 
TT*c x iZ£i_    -    -o^7» 

w 

ItJ   c 
rrffe 3^    ^^ .ft4tt 

25" & 

(7)     C 
zs-ffi    r67 - . 3i^r 

(8!    c fff 7T, 
3 j   -2* (/",*** + £***. 's""^ v £££7 ^ »osr6*r 

<3J 
_i_l  -2.?\ (Tit "fxtT^-hf^l 77"^"       \7o{ 

^nr, ^r^^v 
"n i / /• A. 

© (lo, 
// 

3lrt:   „ 64-gf  _   . of/5" 3   o  -2-np7-f-72+)i+YV) 

^lll     c g*A 3 -2.->\C>";-t-rv+^ t^J 
r(T, '(1^ ^ 7J '• T*   =    "^T'/iJ 

r/r/Tc J67        —   .o 36iT 

• 
• 

"7- 



<9 

f> 

{l%) 
-12 D- 

T,  "Ta^T,^ 3" 'V 
/i.",77^     6^?; 

•n '?      5"/a - ores' 

^V     c        fc.irSiV**^*****' % ^7 r3 € 
-'7;-<ra^T5 c% 

•71'7        64 
=   • oSL-7 o 

{"k) 

0*j cf TS^i1"'"^"*.' 
•**>»  ^Ta   ^Tj*' 7%.- 

-rr* ,X*T 

-K'U      /r? * .<^i- 

*'f     r/a 

?x'7 6y 
s    -<»A7a 

(is; 3   .2.     ~2*p-,->TX-^<Ov) 
iST&c £-x £*Z -   't3es~ 

7\>*        IZ.8 

<"' 4    rSyfi^^XX^^-- 14*^2 . 
2-<T6 

<>4-/tf 

{Zo) 

(a»; 

n'f      i~/a. 
a • o s~ar 

(aa)   c 

o/s-7 

% <*&<«? . .WJ 

«< r, «%. ^r3 ^ 

-HH       5>* 
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1 

«376 

<*« *f/^ Aie-"'^/*' 
-n I* 

17ft 

W   ^|/r.r%^V/<^^tJj^^. l^VJf^—J-7 

(57/   caf V^TV €-%,*(*;+n+r*+*) irwt*  1*1.3* 

(z^  cu^n 

>2.3^ 

Jit1!   >5    « ^T)   ^T^T^Ty    =  —-X 1 * • »4ir 

© 

(21) 

(3«;    c1 

7T\«.     ^7T* 
*   " =— 

01 /<? 
-   . oe>P^ 

»^/7f 

nV 
/„ -     —- X — 9    *    • ° 

(?"   <^      r^^l•^0W-- ^ViilZ^-. nu A? 

/7? 

/*/ 

(33;    c jl I r r-   vyV «-**(**•*?* «*J 

°\71 

=  <   .    -z. • ol 
7\"f n* 

• "*L:^—-•'•-*'• 



*> 

o 

~l 
(30 77-^a. /23174-. <,-/ 

 X  =      o/^| 

(37J      C 

(3gJ 

7 
3 4-\,">/   ^    € ^r(TzH^^<-ry 

-nio 2.* 

3 77-^1     75/J^» 

71 /« a-S" 
= -o/7J 

'3* -23 ^7 r3 N  c //// ^^,nY; e        ^(^^^->—"  ^ 

It"       3-a^ 

- HJ^ln 1*>-3S> _ . =. «<>a3f 
TI^        2.' 

(V of/// 3   3 •r**^*^-^) 
^%^rrif 

X =  *<*/. 
7tX* s/x 32 <f- 

*(((/ 

i ^)   c' "III   T^r r
3
rv-^^+,>fif^ ,Te,r   _ j[i% <£mm* .o*¥3 

JT-4^   6ftffx:>T7 .. 

3    *      ov^        a»^ 

(/fVj 

(4f^ 

(44)  C 

1 

Hi 

JI 

°«f ns •> 
-MA0 2-' 

7/i V^/V 'i  ^   ^ <<T, <<Tarfr«%- —_. /3oi-/s   -    °//5 

'll 'Sif'/it   'l   }5   C rf-T, ^X HT <•«% -   i~-   <   J?7'- 3 7 "  * °/^~ 

.    , 5 
* 



_T s n_ 

(*t7) 

u»i 

I 

3 I     ^n^i^ir^ ^n^^r^^25'^1' «^»c' 
c    nil    '/:  '^i*. 

7/ 

(Vf/    C; 

(go)     c:' 

(?») 
* _3 c/T.   «=A~; rf-r efTL. "ST  **/*•*'* J 

IX^TTs   ^   r3   e ^  -^I^IS^ "3"-'*       n**1 

(») 
,3^3  ~zn(r; +>l+r3i-y%.) 

IJxfy'i} ->"< ^ e CXTI cirr^-r^'—i IT ci/ZZ 31-s-z - .02^6 

rt/ 

(53} 

0>» 

(!T*) 

(s-fe) 

W7<^3 V r3   e 
i -2.-M(r;^^i->S^^) 

^ ^T^T^T*. 
7^3     3o,. liT^'Olt* 

01 >7 

_-3"2 - in 

W*3**l   '3 fa e 

•^3     ,-_ „/ _3> _^c^^n^^_ = /£*.%*>«. ***••'»•» 
4T.  tVTL<vrxt*'r+   ~ c*% -yi 

Xo 

//I 

/I 

-a-n 

^T^7"^^   75 
r3y-3€ ^Y, ^."l^ '4-~    ^ 

-3-«r* 
k ">7^3 ^7   *3   « 

>//* 

(«; 

3        -^n^o-^i+rj-^ 7ft X?7/» 3 7 *•"/**"' 

i — •'-^t^-.'-^~ 
><»« V£,,•>^afl&ff' *<»t.w»;.^ *i• 
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/|--i 3 (III       - 2        3    -5"M»/^'x"t"),-tT<f J rr-V.3 

'H r/ 

o 

3////        ^   ~       -3  ^3   rl^(,/*)**05">'r*' 7rt-3 
X2X3I .STa*'**4"* 

>t 

The value of Hg neglecting CT terms is obtained from these 

u     -  - U'x  1-7524 n3 -i 

If'I 7 x 2. F 
a. 

This leads to a value of    <a fe^ given by 

*} 
*E,  = 

p2.     -^lagj^j^H^  

I    ~ R3    (.2t7/ + -3i.<F+» 

R3 

1 . o 73^ 

• -2* 2.3 

R3 

K3 

OCif    X )o -»2L 
<Y-Ji 



n 

r» 
i 

(l) 

(2) 

(3) 

00 
(5) 

(6) 

(7) 

(6) 

(9) 

» (10) 

(11) 

(12) 

t (13) 

(1U) 

(l*) 

(16) 
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